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Abstract: We study the constraints of supersymmetry on flavour in recently proposed
models of F-theory GUTs. We relate the topologically twisted theory to the canonical
presentation of eight-dimensional super Yang-Mills and provide a dictionary between the
two. We describe the constraints on Yukawa couplings implied by holomorphy of the
superpotential in the effective 4-dimensional supergravity theory, including the scaling with
αGUT . Taking D-terms into account we solve explicitly to second order for wavefunctions
and Yukawas due to metric and flux perturbations and find a rank-one Yukawa matrix
with no subleading corrections.
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1. Introduction
The flavour mass hierarchies of the standard model are a tantalising hint towards deeper
and more fundamental structures in theoretical physics. As a candidate fundamental theory
string theory is a natural arena in which to study this topic. There has been recent interest
in F-theory model building, in part motivated by the ability to obtain an O(1) top Yukawa
coupling. These models were originally proposed in [1, 2] (see [3–28] for some further
developments). Flavour physics in these models has been studied in [9, 10, 13, 17–19, 27,
30]. The models describe locally intersecting 7-branes within a Calabi-Yau four-fold by a
Higgsed twisted 8-dimensional gauge theory. The Higgsing induces localised zero modes
along curves in the four-dimensional manifold S wrapped by the 7-brane. In the presence
of flux, these zero modes correspond to chiral matter fields in the four-dimensional effective
– 1 –
GUT. The existence of a tree-level top Yukawa coupling requires the gauge theory to have
an underlying exceptional gauge group, thereby enforcing the non-perturbative F-theory
approach.
Following the initial work an attractive proposal was made in [10] where the hierar-
chical structure of the Yukawas was proposed to arise from a rank one Yukawa matrix via
perturbative corrections in powers of flux. Furthermore the perturbative parameter was
argued to be related to the GUT gauge coupling. The resulting CKM matrix, following
some assumptions regarding order one factors and the loci where up-type and down-type
Yukawas where generated, took a phenomenologically attractive form. This proposal was
studied in more detail in subsequent papers [18,24,27]. These papers, as initial studies of
flavour, did not deeply explore the effects and constraints of supersymmetry. The aim of
this article is to study the connection between these proposed models of flavour and the
constraints arising from supersymmetry.
This paper is organised as follows. In section 2 we review the topologically twisted
theory as described in [2]. In section 3 we relate this theory to dimensional reduction
of the canonical presentation of 8d super Yang-Mills. We show how the the equations
of motion and Yukawa coupling take an identical form in the two approaches and give a
dictionary between the two formalisms. We show how solutions to the equations of motion
are unaltered under overall metric rescalings. This is important since the volume of S gives
the gauge coupling of the effective four-dimensional GUT. We relate this to the constraints
required by holomorphy of the effective 4d supergravity theory and explain why αGUT must
appear universally in the Yukawa couplings.
In section 4 we study more specifically the equations of motion. In particular we study
the effect that solving the D-terms has on the form of the localised matter wavefunctions.
For general flux a flat metric on S no longer solves the D-term equations. In order to
maintain supersymmetry the metric is deformed, modifying the equations of motion and
subsequently the matter wavefunctions. We solve for the corrected wavefunctions at leading
order in the perturbations. We find that the metric perturbations dominate over the flux in
the wavefunctions and give the leading corrections to the fluxless flat-metric case. Finally
we use the resulting wavefunctions to calculate the resulting Yukawa couplings. We find
that, other than the tree-level top Yukawa, all the Yukawa couplings vanish exactly.
Note added
While this manuscript was in preparation the paper [30] appeared studying similar is-
sues. There the vanishing of the Yukawa couplings was demonstrated and explained at a
deeper level than that which appears in this paper. We refer the reader to [30] for a more
fundamental explanation for the vanishing of Yukawa couplings.
2. Local models of intersecting branes in F-theory
In this section we review the topologically twisted theory of [2] that describes local models
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of intersecting 7-branes in F-theory. In section 3 we shall relate this theory to the direct
dimensional reduction of 8-dimensional Super-Yang-Mills (SYM) and provide a dictionary
between the two formulations.
2.1 Effective theory for intersecting 7-branes
The relevant theory is an 8-dimensional twisted (off-shell supersymmetric) gauge theory,
with gauge group G, describing a 7-brane wrapping a 4-dimensional Ka¨hler hypersurface
S. For a local model S is a shrinkable manifold (more formally it has an ample normal
bundle) within a Calabi-Yau (CY) 4-fold X. The 8-dimensional fields are given in terms
of adjoint valued, S-valued, 4-dimensional N = 1 multiplets
Am¯ = (Am¯, ψm¯, Gm¯) , (2.1)
Φmn = (ϕmn, χmn,Hmn) , (2.2)
V = (η,Aµ,D) . (2.3)
The indices on the fields denote their form-values on S. So for example Am¯ ∈ Ω¯1S ⊗ ad(P )
where ΩpS denotes holomorphic p-form on S and P is the principle bundle (in the adjoint
representation) associated to the gauge group G. Here A and Φ are chiral multiplets with
respective F-terms G and H. V is a vector multiplet with D-term D. Am¯ and ϕmn are
complex scalars while ψm¯, χmn, and η are fermions.
The action for the effective theory was given in [2]. Setting 4-dimensional variations
of the fields to zero, the equations of motion that follow are
H − F (2,0) = 0 , (2.4)
i [ϕ, ϕ¯] + 2ω ∧ F (1,1) + ⋆SD = 0 , (2.5)
2iω ∧ G¯− ∂¯Aϕ = 0 , (2.6)
−∂H¯ + 2ω ∧ ∂¯D + G¯ ∧ ϕ¯− χ¯ ∧ ψ¯ − i2
√
2ω ∧ η ∧ ψ = 0 , (2.7)
ω ∧ ∂Aψ + i
2
[ϕ¯, χ] = 0 , (2.8)
∂¯Aχ− 2i
√
2ω ∧ ∂Aη − [ϕ,ψ] = 0 , (2.9)
∂¯Aψ −
√
2 [ϕ¯, η] = 0 , (2.10)
−
√
2 [η¯, χ¯]− ∂¯AG− 1
2
[ψ,ψ] = 0 . (2.11)
These are the equations that we work with in this paper and they apply to a general Ka¨hler
manifold S of large enough volume to neglect α′ corrections. Equation (2.4) imposes that
the flux must be of type (1, 1). Equation (2.5) is the D-term equation that we discuss
in detail in section 4.1. In this paper we are concerned with vacua where the vacuum
expectation value (vev) of ϕ, denoted 〈ϕ〉, and that of Am¯, which is responsible for the
flux, take values in the Cartan of G. Therefore equation (2.6) just imposes that 〈ϕ〉 is
holomorphic
∂¯A 〈ϕ〉 = ∂¯ 〈ϕ〉+ [A, 〈ϕ〉] = ∂¯ 〈ϕ〉 = 0 . (2.12)
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We are interested in solving the equations on a vacuum with
〈χ〉 = 〈ψ〉 = 〈η〉 = 0 , (2.13)
which means that, using equations (2.4-2.6) equations (2.7) and (2.11) are satisfied. Equa-
tion (2.10) follows from (2.9) once (2.13) is imposed.
We take the manifold S to be Ka¨hler and spanned by two complex coordinates z1 and
z2. We will also restrict to the metric ansatz
ds2 = h1 (z1, z¯1¯) dz1 ⊗ dz¯1¯ + h2 (z2, z¯2¯) dz2 ⊗ dz¯2¯ , (2.14)
where h1 and h2 are general functions of z1 and z2 respectively (this is the form of the
metric we will use when solving for explicit wavefunctions in section 4). The corresponding
Ka¨hler form is given by
ω =
i
2
h1dz1 ∧ dz¯1¯ +
i
2
h2dz2 ∧ dz¯2¯ . (2.15)
Putting this into (2.4-2.11) the relevant equations read
h1∂A2ψ2¯ + h2∂A1ψ1¯ − [ϕ¯, χ] = 0 , (2.16)
∂¯A1¯χ− [ϕ,ψ1¯] = 0 , (2.17)
∂¯A2¯χ− [ϕ,ψ2¯] = 0 , (2.18)
where by abuse of notation we have relabeled ϕ12 → ϕ and χ12 → χ. Apart from these
equations we also have the D-term equation (2.5).
2.2 Zero modes and Yukawa couplings
Consider turning off the flux so that there is no gauge field background. We then turn on
a vev for ϕ given by
〈ϕ〉 = m21z1Q1 +m22z2Q2 . (2.19)
Here Q1 and Q2 are elements in G. In this paper we perform the simplification m1 = m2 =
m and define
v ≡ 1
m2
. (2.20)
Since there is no flux the D-term equation is solved identically and we are free to consider
a flat metric background h1 = h2 = 1. The equations of motion to be solved then read
∂2ψ2¯ + ∂1ψ1¯ −
1
v
(z¯1q1 + z¯2q2)χ = 0 , (2.21)
∂¯1¯χ−
1
v
(z1q1 + z2q2)ψ1¯ = 0 , (2.22)
∂¯2¯χ−
1
v
(z1q1 + z2q2)ψ2¯ = 0 . (2.23)
Here q1 and q2 are the charges of the fields under Q1 and Q2. For simplicity consider the
case q1 = 1 and q2 = 0. Then the equations have a localised solution given by
χ = f(z2)e
−
|z1|2
v . (2.24)
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Here and in section 4, when presenting a solution we only present the expression for χ
since the expressions for ψ1¯ and ψ2¯ can be determined directly from it using (2.22) and
(2.23). This is a localised zero mode which can be thought of as strings stretching between
two 7-branes that are intersecting along z1 = 0. If we decompose the 8-dimensional fields
into external space-time 4-dimensional components and internal 4-dimensional components
along S we see that the equations imply that the external 4-dimensional components of χ,
ψ1¯ and ψ2¯ are all equal and they count as a single 4-dimensional zero mode.
If flux is turned on there are two changes: the form of the internal wavefunctions
changes and the number of zero modes can change. The change in the form of the wave-
functions is a local effect that we calculate explicitly in section 4. The replication of zero
modes is of course the family index and depends on the global properties of the flux. In a
local model we decouple the connection between the flux and the zero mode replication.
The Yukawa couplings are associated to wavefunction overlaps on a point of intersection
of three curves where the gauge symmetry is enhanced. For example the bottom type
Yukawas are associated to a point of SO(12) gauge symmetry. The matter arises from the
decomposition of the adjoint
SO(12) ⊃ SU(5)× U(1)a × U(1)b , (2.25)
66 → 24(0,0) ⊕ 1(0,0) ⊕ 1(0,0) ⊕ (5⊕ 5¯)(−1,0) ⊕ (5⊕ 5¯)(1,1) ⊕ (10⊕ 1¯0)(0,1) ,
where the superscripts denote the charges of the 5 and 10. Then we see that the 5¯H 5¯M10M
Yukawa, corresponds to curves of charges (−1,−1), (1, 0) and (0, 1) respectively. We label
the matter from each of the three curves with the index λ = 1, 2, 3 corresponding to 5¯H ,
5¯M and 10M respectively. The fields are therefore the sum over the localised solutions
χ =
∑
λ
χλ , ψ =
∑
λ
ψλ . (2.26)
Since the equations of motion are linear they exactly decouple and can be solved separately
for each component.
There is also a family index a = 1, 2, 3 which counts copies of the zero modes associated
to global properties of the flux. A four-dimensional φ field is then labeled by
φ(λ,a) :
{
χ(λ,a), ψ
(λ,a)
1¯
, ψ
(λ,a)
2¯
}
. (2.27)
Since there is only one Higgs generation for λ = 1 we only have a = 1.
The relevant Yukawa coupling are the sum over all the terms arising from∫
S
A ∧A ∧ Φ = −
∫
S
ψˆi1¯ψˆ
j
2¯
χˆk122Tr ([ti, tj ] tk) dz1 ∧ dz¯1¯ ∧ dz2 ∧ dz¯2¯ . (2.28)
Here ti are generators of the point gauge group SO(12). Under the decomposition these
correspond to curve indices, λ in (2.27), with
λ = 1 : 5H , λ = 2 : 5M , λ = 3 : 10M . (2.29)
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We therefore obtain the Yukawas
Y ab = a
∫
S
[
ψˆ11¯ψˆ
3,b
2¯
χˆ2,a + ψˆ2,a
1¯
ψˆ12¯χˆ
3,b − ψˆ2,a
1¯
ψˆ3,b
2¯
χˆ1 − ψˆ11¯ψˆ2,a2¯ χˆ3,b −
ψˆ3,b
1¯
ψˆ12¯χˆ
2,a + ψˆ3,b
1¯
ψˆ2,a
2¯
χˆ1
]
ǫ . (2.30)
Here ǫ is the canonical volume form as in (2.28). The constant a is a normalisation factor
which is used to normalise the top Yukawa to 1.
3. Relationship to Super Yang-Mills
Above we have reviewed, following [2], the topological equations for the dynamics of the
8-dimensional field theory. In this section we show how these equations arise from direct
analysis of the canonical 8d SYM Lagrangian and provide a dictionary that translates
between the fields of the canonical presentation of 8d SYM and the fields of the topologically
twisted theory used in [2]. While ultimately the equations are identical, this provides an
alternative perspective on the topological theory of [2] and may make certain properties of
the theory more intuitive.
8d super Yang-Mills is most easily obtained by dimensional reduction of the 10d theory.
The 10d action is ∫ √
gd10x
(
−1
4
Tr
(
FMNF
MN
)− 1
2
Tr
(
λ¯ΓMDMλ
))
, (3.1)
where λ is a Majorana-Weyl spinor and DMX = ∂mX − i[Am,X]. Dimensional reduction
gives the 8-dimensional action,∫
d8x
√
g
(
−1
4
Tr(FMNF
MN )− 1
4
Tr(DMφDMφ∗) + quartics− 1
2
Tr(λ¯ΓmDmλ) +
i
2
λ¯Γr[φr, λ]
)
(3.2)
We drop quartic scalar interactions as they are not relevant for our purposes.
Let us now describe λ. It is convenient to view λ as a 10-dimensional Majorana-Weyl
spinor with 8 complex degrees of freedom (before imposing equations of motion). We
follow [29] to write the flat space gamma matrices as (µ = 0, 1, 2, 3,m = 4, 5, 6, 7, r = 8, 9)
Γµ = γµ ⊗ I⊗ I, Γm = γ5 ⊗ γ˜m ⊗ I, Γr = γ5 ⊗ γ˜5 ⊗ τ r,
with
γ0 =
(
0 −I
I 0
)
, γ1 =
(
0 σx
σx 0
)
, γ2 =
(
0 σy
σy 0
)
, γ3 =
(
0 σz
σz 0
)
, γ5 =
(
1 0
0 −1
)
,
γ˜1 =
(
0 −iI
iI 0
)
, γ˜2 =
(
0 σz
σz 0
)
, γ˜3 =
(
0 σx
σx 0
)
, γ˜4 =
(
0 σy
σy 0
)
, γ˜5 =
(
I 0
0 I
)
,
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and
τ8 = σx =
(
0 1
1 0
)
, τ9 = σy =
(
0 −i
i 0
)
.
Using u to denote the complexified 8,9 directions, we also note
τu ≡ σx + iσy = 2
(
0 1
0 0
)
, τ u¯ ≡ σx − iσy = 2
(
0 0
1 0
)
,
Spinors can be decomposed by their chiralities under each of the three (4d + 4d + 2d)
components of the gamma matrices. The Majorana condition can be written as λ∗ = Bλ,
where B = Γ2Γ4Γ7Γ9.
As in [29] it can be shown that a general Majorana-Weyl spinor can be written as
λ = (λ1 + λ4)⊕ (λ2 + λ3) (3.3)
where (λ1, λ2, λ3, λ4) = {λabα, λabα, λ αab , λ ba α). Super/sub scripts indicate positive or neg-
ative chirality in that direction. The notation (λ1+λ4) indicates that the components of λ1
and λ4 are not independent: they are related by the Majorana condition. More precisely,
we have
λ1 + λ4 =
(
ξ1
0
)
⊗
(
ψ1
0
)
⊗
(
θ1
0
)
+
(
0
−σyξ∗1
)
⊗
(
−iσyψ∗1
0
)
⊗
(
0
−iθ∗1
)
,
λ2 + λ3 =
(
ξ2
0
)
⊗
(
0
ψ2
)
⊗
(
0
θ2
)
+
(
0
−σyξ∗2
)
⊗
(
0
−iσyψ∗2
)
⊗
(
iθ∗2
0
)
. (3.4)
λ4 and λ3 correspond to the CPT conjugates of λ1 and λ2 respectively, and thus do not
represent physically distinct degrees of freedom.
For the extra-dimensional spinor components we will also often write
(
ψ1
ψ2
)
→


ψ1,1
ψ1,2
ψ2,1
ψ2,2

 . (3.5)
3.1 Equations of Motion
We need to account for the non-trivial metric on the surface wrapped by the branes. For
this we suppose we start with a metric of the factorised form
ds2 = 4h1(z, z¯)dzdz¯ + 4h2(w, w¯)dwdw¯, (3.6)
so gzz¯ = 2h1(z, z¯), gww¯ = 2h2(w, w¯), g
zz¯ = 12h1(z,z¯) , g
ww¯ = 12h2(w,w¯) . The spin connection is
given by
ωabµ =
1
2
eaν
(
∂µe
b
ν − ∂νebµ
)
− 1
2
ebν
(
∂µe
a
ν − ∂νeaµ
)− 1
2
eψaeσb (∂ψeσc − ∂σeψc) ecµ. (3.7)
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Here a, b are the vielbein indices with a flat metric while µ, ν are the spacetime indices that
run over z, z¯, w, w¯. As a vielbein we take
e1z = h
1
2
1 , e
1
z¯ = h
1
2
1 , e
1
w = 0, e
1
w¯ = 0.
e2z = ih
1
2
1 , e
2
z¯ = −ih
1
2
1 , e
2
w = 0, e
2
w¯ = 0.
e3z = 0, e
3
z¯ = 0, e
3
w = h
1
2
2 , e
3
w¯ = h
1
2
2 .
e4z = 0, e
4
z¯ = 0, e
4
w = ih
1
2
2 , e
4
w¯ = −ih
1
2
2 .
From these we can compute the non-vanishing elements of the spin connection to be
ω12z = −
i
2h1
∂zh1, ω
12
z¯ =
i
2h1
∂z¯h1, ω
34
w = −
i
2h2
∂wh2, ω
34
w¯ =
i
2h2
∂w¯h2.
We also need to determine the gamma matrices. We have
γ˜z = ez1γ˜1 + e
z2γ˜2 =
h
−1/2
1
2
(γ˜1 − iγ˜2) , γ˜ z¯ = ez¯1γ˜1 + ez¯2γ˜2 = h
−1/2
1
2
(γ˜1 + iγ˜2) , (3.8)
γ˜w =
h
− 1
2
2
2
(γ˜3 − iγ˜4) , γ˜w¯ = h
− 1
2
2
2
(γ˜3 + iγ˜4) . (3.9)
Therefore we can write
γ˜z =
h
− 1
2
1
2


0 0 −2i 0
0 0 0 0
0 0 0 0
0 2i 0 0

 , γ˜ z¯ = h
− 1
2
1
2


0 0 0 0
0 0 0 −2i
2i 0 0 0
0 0 0 0

 ,
γ˜w =
h
− 1
2
2
2


0 0 0 0
0 0 2 0
0 0 0 0
2 0 0 0

 , γ˜w¯ = h
− 1
2
2
2
=


0 0 0 2
0 0 0 0
0 2 0 0
0 0 0 0

 . (3.10)
For the spin connection we need 18γ
MωM,αβ
[
γα, γβ
]
. As
[
γ1, γ2
]
= −2i
(
σz 0
0 −σz
)
,
[
γ3, γ4
]
= 2i
(
σz 0
0 σz
)
, we have
1
8
ωzαβ
[
γα, γβ
]
= −∂zh1
4h1
(
σz 0
0 −σz
)
,
1
8
ωz¯αβ
[
γα, γβ
]
=
∂z¯h1
4h1
(
σz 0
0 −σz
)
.
1
8
ωwαβ
[
γα, γβ
]
=
∂wh2
4h2
(
σz 0
0 σz
)
,
1
8
ωw¯αβ
[
γα, γβ
]
=
∂w¯h2
4h2
(
σz 0
0 σz
)
.
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Putting these together we obtain
γM∂M+
1
4
γMωMαβγ
αβ =


0 0 − i
h
1
2
1
(
∂z +
∂zh1
4h1
)
1
h
1
2
2
(
∂w¯ +
∂w¯h2
4h2
)
0 0 1
h
1
2
2
(
∂w +
∂wh2
4h2
)
−i
h
1
2
1
(
∂z¯ +
∂z¯h1
4h1
)
i
h
1
2
1
(
∂z¯ +
∂z¯h1
4h1
)
1
h
1
2
2
(
∂w¯ +
∂w¯h2
4h2
)
0 0
1
h
1
2
2
(
∂w +
∂wh2
4h2
)
i
h
1
2
1
(
∂z +
∂zh1
4h1
)
0 0


,
(3.11)
where γαβ ≡ 12 [γα, γβ ]. We need to twist this operator to account for the nontrivial metric.
The twisting corresponds to an additional gauge field in the canonical bundle. To determine
this, let us first recall that a metric
ds2 = 4h1(z, z¯)dzdz¯ + 4h2(w, w¯)dwdw¯, (3.12)
has
Γzzz =
∂zh1
h1
, Γz¯z¯z¯ =
∂z¯h1
h1
, Γwww =
∂wh2
h2
, Γw¯w¯w¯ =
∂w¯h2
h2
.
The twisting corresponds to a gauge field in the canonical bundle. A gauge field with M
units of flux in the zz¯ direction and N units of flux in the ww¯ direction has
Az = − iM∂zh1
4h1
, Az¯ =
iM∂z¯h1
4h1
, Aw = − iN∂wh2
4h2
, Aw¯ =
iN∂w¯h2
4h2
.
The factor of i/4 can be determined by reference to the case of P1×P1, for which z and w
parameterise the two separate P1s. This gives
γM∂M +
1
4
γMωMαβγ
αβ − iγMAM = (3.13)


0 0 −i
h
1
2
1
(
∂z +
∂zh1
4h1
(1−M)
)
1
h
1
2
2
(
∂w¯ +
∂w¯h2
4h2
(1 +N)
)
0 0 1
h
1
2
2
(
∂w +
∂wh2
4h2
(1−N)
)
−i
h
1
2
1
(
∂z¯ +
∂z¯h1
4h1
(1 +M)
)
i
h
1
2
1
(
∂z¯ +
∂z¯h1
4h1
(1 +M)
)
1
h
1
2
2
(
∂w¯ +
∂w¯h2
4h2
(1 +N)
)
0 0
1
h
1
2
2
(
∂w +
∂wh2
4h2
(1−N)
)
i
h
1
2
1
(
∂z +
∂zh1
4h1
(1−M)
)
0 0


As discussed in [2,29], the left- and right-handed spinors ψ1 and ψ2 have opposite R-charges
and so should be twisted in opposite directions. To accomplish this we modify the Dirac
operator (3.14) by
(M,N)→ (M,N) + (1, 1) for (ψ1,1, ψ1,2),
(M,N)→ (M,N)− (1, 1) for (ψ2,1, ψ2,2).
The twisted Dirac operator is then
γM∂M +
1
4
γMωMαβγ
αβ − iγMAtwisted,M = (3.14)
– 9 –


0 0 −i
h
1
2
1
(
∂z +
∂zh1
4h1
(2−M)
)
1
h
1
2
2
(
∂w¯ +N
∂w¯h2
4h2
)
0 0 1
h
1
2
2
(
∂w +
∂wh2
4h2
(2−N)
)
−i
h
1
2
1
(
∂z¯ +M
∂z¯h1
4h1
)
i
h
1
2
1
(
∂z¯ +
∂z¯h1
4h1
(2 +M)
)
1
h
1
2
2
(
∂w¯ +
∂w¯h2
4h2
(2 +N)
)
0 0
1
h
1
2
2
(
∂w −N ∂wh24h2
)
i
h
1
2
1
(
∂z −M ∂zh14h1
)
0 0


.
For compactness we write
γM∂M +
1
4
γMωMαβγ
αβ − iγMAtwisted,M ≡ γMDM ≡
(
0 D−
D+ 0
)
. (3.15)
Note that for M = N = 0, ψ2,2 = 1 is a solution to γ
MDMψ = 0. This corresponds to the
constant gaugino zero mode which should exist for arbitrarily curved spaces. The general
solutions are 

ψ1,1
ψ1,2
ψ2,1
ψ2,2

 =


h
−M+2
4
1 h
N
4
2 ψ(z, w¯)
h
M
4
1 h
−N+2
4
2 ψ(z¯, w)
h
M−2
4
1 h
N−2
4
2 ψ(z¯, w¯)
h
−M
4
1 h
−N
4
2 ψ(z, w)

 . (3.16)
To study, at least locally, intersecting branes we also need the profile for the Higgs
field, namely the complex scalar φ that is present in the 8d SYM theory. In an untwisted
background this field would satisfy
∂z¯φu = 0, ∂zφu¯ = 0, ∂w¯φu = 0, ∂wφu¯ = 0.
Zero mode solutions are therefore given by
Dzφu¯ =
(
∂z − ∂zh1
4h1
M
)
φu¯ = 0,
and so φu¯ = h
M/4
1 φ(z¯). Including also the w direction we obtain
φu¯ = h
M/4
1 h
N/4
2 φ(z¯, w¯), (3.17)
where φ(z¯, w¯) is antiholomorphic. This field has R-charge 2 in contrast to the fermions
which had R-charge 1. So when we twist the theory we need to modify the equations of
motion by two units of flux, (M,N)→ (M − 2, N − 2), rather than the single unit of flux
that applied for the fermions. The fact that M → M − 2 rather than M → M + 2 is by
analogy with the twist for ψ3 which is the fermionic partner of φ.
The Higgs field whose vev separates different brane stacks is only charged due to the
twisting (as it is valued in the Cartan it is uncharged under any gauge flux that is turned
on). So in fact the twisting gives the sole ‘gauge’ contribution to the wavefunction, and we
have
φu¯ = h
−1/2
1 h
−1/2
2 φ(z¯, w¯),
φu = h
−1/2
1 h
−1/2
2 φ(z, w). (3.18)
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In order to use this vev to determine the twisted fermionic equations of motion we need to
compute −iΓr [φr, λ] . Now,
Γu = 2
(
I 0
0 −I
)
⊗
(
I 0
0 −I
)
⊗
(
0 1
0 0
)
, Γu¯ = 2
(
I 0
0 −I
)
⊗
(
I 0
0 −I
)
⊗
(
0 0
1 0
)
.
With
λ1 =
(
ψ1
0
)
⊗
(
1
0
)
, λ2 =
(
0
ψ2
)
⊗
(
0
1
)
,
we therefore obtain
i(Γuφu + Γ
u¯φu¯)(λ1 + λ2) = 2iφu
(
0
ψ2
)
⊗
(
1
0
)
− 2iφu¯
(
ψ1
0
)
⊗
(
0
1
)
. (3.19)
The equations of motion γMDMλ− iΓr[φr, λ] = 0 can also be written using (3.15) as
D+ψ1 + 2iφuψ2 = 0, (3.20)
D−ψ2 − 2iφu¯ψ1 = 0. (3.21)
Writing out (3.20) and (3.21) gives

i
h
1
2
1
(
∂z¯ +
∂z¯h1
4h1
(2 +M)
)
1
h
1
2
2
(
∂w¯ +
∂w¯h2
4h2
(2 +N)
)
1
h
1
2
2
(
∂w −N ∂wh24h2
)
i
h
1
2
1
(
∂z −M ∂zh14h1
)


(
ψ1,1
ψ1,2
)
= −2iφu
(
ψ2,1
ψ2,2
)
. (3.22)


−i
h
1
2
1
(
∂z +
∂zh1
4h1
(2−M)
)
1
h
1
2
2
(
∂w¯ +N
∂w¯h2
4h2
)
1
h
1
2
2
(
∂w +
∂wh2
4h2
(2−N)
)
−i
h
1
2
1
(
∂z¯ +M
∂z¯h1
4h1
)


(
ψ2,1
ψ2,2
)
= +2iφu¯
(
ψ1,1
ψ1,2
)
. (3.23)
As we do not want to excite the gaugino we put ψ2,2 = 0. The second set of equations
(3.23) then gives
−i
h
1
2
1
(
∂z +
∂zh1
4h1
(2−M)
)
ψ2,1 = 2iφu¯ψ1,1,
1
h
1
2
2
(
∂w +
∂wh2
4h2
(2−N)
)
ψ2,1 = 2iφu¯ψ1,2. (3.24)
Let us rewrite these equations as
Dz
(
h
1
2
1 h
1
2
2 ψ2,1
)
=
(
∂z − M
4h1
∂zh1
)
(h
1
2
1 h
1
2
2 ψ2,1) = 2φu¯h
1
2
1 h
1
2
2
(
−h
1
2
1 ψ1,1
)
, (3.25)
Dw
(
h
1
2
1 h
1
2
2 ψ2,1
)
= (∂w − N
4h2
∂wh2)
(
h
1
2
1 h
1
2
2 ψ2,1
)
= 2φu¯h
1
2
1 h
1
2
2
(
ih
1
2
2 ψ1,2
)
. (3.26)
Using ψ2,2 = 0 in (3.22), and also (3.25) and (3.26), we obtain[
Dw

 1
φu¯h
1
2
1 h
1
2
2
Dz

−Dz

 1
φu¯h
1
2
1 h
1
2
2
Dw


](
h
1
2
1 h
1
2
2 ψ2,1
)
= 0. (3.27)
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Note (3.27) is automatically satisfied provided φu¯h
1
2
1 h
1
2
2 is an anti-holomorphic function of
z and w, as indeed occurs using (3.18). The commutator [Dz,Dw] gives a factor of flux
Fzw which vanishes for the factorised metric form used.
The upper equation of (3.22) likewise gives
h2Dz¯
(
−h
1
2
1 ψ1,1
)
+ h1Dw¯
(
ih
1
2
2 ψ1,2
)
= 2
(
h
1
2
1 h
1
2
2 φu
)(
h
1
2
1 h
1
2
2 ψ2,1
)
. (3.28)
Putting φu¯ = h
− 1
2
1 h
− 1
2
2
φ¯(z¯,w¯)
2 as in (3.18) (and introducing a factor of 2 for convenience),
equations (3.28) (3.25), (3.26) and (3.27) become
h2Dz¯
(
−h
1
2
1 ψ1,1
)
+ h1Dw¯
(
ih
1
2
2 ψ1,2
)
= φ(z, w)
(
h
1
2
1 h
1
2
2 ψ2,1
)
. (3.29)
Dz
(
h
1
2
1 h
1
2
2 ψ2,1
)
= φ¯(z¯, w¯)
(
−h
1
2
1 ψ1,1
)
, (3.30)
Dw
(
h
1
2
1 h
1
2
2 ψ2,1
)
= φ¯(z¯, w¯)
(
ih
1
2
2 ψ1,2
)
, (3.31)
1
φ¯(z¯, w¯)
(DwDz −DzDw)
(
h
1
2
1 h
1
2
2 ψ2,1
)
= 0. (3.32)
Equations (3.29) to (3.32) can be identified with those coming from the topological
theory of [2]. In fact, these equations are precisely identical (up to a complex conjugation
which comes from choice of conventions) with equations (2.16) to (2.18). The dictionary to
map between the two formulations, namely direct reduction of Super Yang-Mills and the
topologically twisted theory, is given by
−h
1
2
1 ψ1,1|SYM → ψz|twist, ih
1
2
2 ψ1,2|SYM → ψw|twist, h
1
2
1 h
1
2
2 ψ2,1|SYM → χ∗|twist,
h
1
2
1 h
1
2
2 φ|SYM → φ|twist, A|SYM → iA|twist, ψ2,2|SYM → Aµ|twist.
We can verify these identifications by applying them to the normalisation of the kinetic
terms. The normalisation prefactor for the kinetic terms is given in the 8d SYM theory by∫
Σ
d4y
√
gψ†ψ,
applying to all fermions (we shall tend to use y for internal integrals over S and x for
integrals over 8d space or 4d non-compact space). Using the above dictionary it is easy to
see that the kinetic terms are∫
d4y
√
gψ∗1,1ψ1,1 →
∫
d4y h2ψz¯ψz, (3.33)∫
d4y
√
gψ∗1,2ψ1,2 →
∫
d4y h1ψw¯ψw, (3.34)∫
d4y
√
gψ∗2,1ψ2,1 →
∫
d4y χ∗χ. (3.35)
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The terms on the right-hand side are precisely those emerging from the kinetic terms∫
ω ∧A ∧ A¯ and ∫ χ ∧ χ¯ in the Lagrangian in the appendix of [2]. In this way we see that
the different kinetic terms for matter in the topologically twisted theory all arise from the
same term
∫ √
gψ†ψ in the super Yang-Mills theory.
3.2 Yukawa Couplings
The Yukawa couplings of the topologically twisted theory can be related to Yang-Mills
theory in the same way the equations of motion can. In dimensional reduction, all Yukawa
couplings arise from the trilinear interactions in the Yang-Mills Lagrangian. This section
will in part follow [29], but will extend and improve the discussion from that paper.
In the super Yang-Mills theory the Yukawa couplings all descend from the terms (drop-
ping overall constants)
∫
d8x
√
g
[
Tr
(
λ¯IΓMAJMλ
K
)
+Tr
(
λ¯IΓrφJr λ
K
) ]
. (3.36)
Here I, J,K are family indices. Both these terms contribute to Yukawa couplings and we
consider them separately. Let us start with the second case, where the bosonic field comes
from the transverse scalar φJ . In this case
Γ0Γu =
(
0 I
I 0
)
⊗
(
I 0
0 −I
)
⊗ (τu) , (3.37)
which gives a chirality flip in both the 0, 1, 2, 3 and 8, 9 directions. To obtain a non-
vanishing integral we therefore need λI and λK to be either both of the form (λ1 + λ4) or
both of the form (λ2 + λ3).
We first assume the form λI , λK = (λ1 + λ4)I,K , when the total Yukawa interaction is
LY UK =
∫ √
gd8x
(
λ†4,IΓ
0ΓMAM,Jλ1,K + λ
†
1,IΓ
0ΓMAM,Jλ4,K
)
=
∫ √
gd8x
(
ξ†4I(x)ξ1,K(x)
)(
ψ†4,I(y)ψ1,K(y)
) ( 0 θ†4I(z) )(τaφaJ
)(
θ1K
0
)
+
(
ξ†1I(x)ξ4,K(x)
)(
ψ†1,I(y)ψ4,K(y)
) ( 0 θ†1I(z) )(τaφaJ
)(
θ4K
0
)
. (3.38)
Using the relations (3.4), we can put all expressions in terms of λ1 alone, eliminating all λ4
dependence. As λ4 corresponds to the CPT conjugate of λ1, by working only with λ1 we are
in effect working only with left-handed spinors, treating these as fundamental as in the usual
approach to constructing supersymmetric Lagrangians. We also take ( θ1(z) 0 ) = ( 1 0 )
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as the transverse direction is trivial. We obtain
LY UK = 2
∫
d4x
(
ξT1I(x)σyξ1K(x)φu¯,J(x)
) ∫ √
gd4y
(
ψT1I(y)σyψ1K(y)
)
φu¯,J(y) +
2
∫
d4x
(
ξ†1I(x)σyξ
∗
1K(x)φu,J (x)
) ∫ √
gd4y
(
ψ†1I(y)σyψ
∗
1K(y)
)
φu,J(y) (3.39)
= 2
∫
d4x
(
ξT1I(x)σyξ1K(x)φu¯,J(x)
) ∫ √
gd4y
(
ψT1I(y)σyψ1K(y)
)
φu¯,J(y) + c.c
Here φu(u¯)(y) = φ8(y) + (−)iφ9(y) and we have a trivial (flat) metric in the non-compact
directions. Now,
ψT1,Iσyψ1,K(y)φu¯,J =
(
ψI1,1 ψ
I
1,2
) (
0 −i
i 0
)(
ψK1,1
ψK1,2
)
= i(ψI1,2ψ
K
1,1 − ψI1,1ψK1,2)φu¯,J . (3.40)
The total interaction is therefore
2i
∫
d4x
(
ξT1,Iσyξ1,Kφu¯,J
) ∫ √
gd4y
(
ψI1,2ψ
K
1,1 − ψI1,1ψK1,2
)
φu¯,J + c.c (3.41)
There is also another possible term, where we let λI = (λ2 + λ3) and λ
K = (λ2 + λ3).
However these interactions do not give rise to Yukawa couplings. These couplings always
involve a contribution from ψ2,2. The mode ψ2,2 corresponds to the gaugino that partners
the 4d gauge boson. Such interactions are therefore gauge rather than Yukawa couplings.
So instead we move on to consider terms coming from the interaction
Tr(λ¯IΓM [AJM , λ
K ]),
where we now draw the scalar part of the Yukawa coupling from the AM vector field. In
this case
Γ0ΓM =
(
0 I
I 0
)
⊗
(
γ˜m
)
⊗ I, (3.42)
which generates a chirality flip in both the 0, 1, 2, 3 and 4, 5, 6, 7 directions. In this case
to obtain a non-vanishing integral λI and λK must take different forms. There are two
options: we first consider the case λK = (λ1 + λ4), and λI = (λ2 + λ3), and subsequently
analyse the case λK = (λ2 + λ3), λI = (λ1 + λ4).
For the first case the total Yukawa interaction is
LY UK =
∫
d8x
√
g
(
λ†3,IΓ
0ΓMAM,Jλ1,K + λ
†
2,IΓ
0ΓMAM,Jλ4,K
)
=
∫
d8x
√
g
[(
ξ†3,I(x)ξ1,K(x)
) ( 0 ψ†3,I(y) )(γ˜MAMJ
)(
ψ1,K(y)
0
)(
θ†3,I(z)θ1,K
)
+
(
ξ†2,I(x)ξ4,K(x)
) ( 0 ψ†2,I(y) )(γ˜MAMJ
)(
ψ4,K(y)
0
)(
θ†2,I(z)θ4,K
)]
. (3.43)
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We again use the relations (3.4) to write everything in terms of λ1 and λ2, and take
( θ1(z) 0 ) = ( 1 0 ). The Yukawa interactions then become
LY UK = −
∫
d4x
(
ξT2I(x)σyξ1K(x)AJ (x)
) ∫
d4y
√
g
(
0 ψT2,Iσy
)(
γ˜MAM,J
)(
ψ1,K(y)
0
)
+
∫
d4x
(
ξ†2I(x)σyξ
∗
1K(x)AJ (x)
) ∫
d4y
√
g
(
0 ψ†2,I
)(
γ˜MAMJ
)(
σyψ
∗
1,K(y)
0
)
.
Using the gamma matrices we can now write
γ˜MAM = 2


0 0 −iAz Aw¯
0 0 Aw −iAz¯
iAz¯ Aw¯ 0 0
Aw iAz 0 0

 , (3.44)
with ψT2 σy = i
(
ψ2,2 −ψ2,1
)
. So
(
0 ψT2,Iσy
)(
γ˜MAM,J
)(
ψ1,K(y)
0
)
= 2i
(
0 0 ψI2,2 −ψI2,1
) 

0 0 −iAJz AJw¯
0 0 AJw −iAJz¯
iAJz¯ A
J
w¯ 0 0
AJw iA
J
z 0 0




ψK1,1
ψK1,2
0
0


= 2i
(
−ψI2,1
(
AJw¯ψ
k
1,1 + iA
J
z¯ψ
K
1,2
)
+ ψI2,2
(
iψK1,1A
J
z +A
J
wψ
K
1,2
))
.
We also need to evaluate the conjugate expression
(
0 ψ†2,I
)(
γ˜MAMJ
)(
σyψ
∗
1,K(y)
0
)
= 2i
(
0 0 ψI,∗2,1 ψ
I,∗
2,2
)


0 0 −iAJz AJw¯
0 0 Aw −iAz¯
iAJz¯ A
J
w¯ 0 0
AJw iA
J
z 0 0




−ψK,∗1,2
ψK,∗1,1
0
0


= 2i
(
−ψI,∗2,1
(
−AJw¯ψK,∗1,1 + iAJz¯ψK1,2
)
+ ψI,∗2,2
(
iψK,∗1,1 A
J
z −AJwψK,∗1,2
))
.
Combining these we evaluate (3.43) as
2
∫
d8x
√
g
(
ξI,T2 σyξ
K
1
)(
ψI2,1
(
−AJzψK1,2 + iAJwψk1,1
)
+ ψI2,2
(−iAJw¯ψK1,2 + ψK1,1AJz¯ ))+ c.c
(3.45)
The first part of this expression we can interpret as a Yukawa interaction. The second part
(involving ψ2,2) should be interpreted as a gauge interaction as it involves the 4-dimensional
gaugino.
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Finally we examine the case of λI = λ1 + λ4 and λ
K = λ2 + λ3. This gives
LY UK =
∫
d8x
√
g
(
λ†4,IΓ
0ΓMAM,Jλ2,K + λ
†
1,IΓ
0ΓMAM,Jλ3,K
)
, (3.46)
=
∫
d4x
(
ξT1I(x)σyξ2K(x)
) ∫
d4y
√
g
(
ψT1,Iσy 0
)(
γ˜MAMJ
)(
0
ψ2,K(y)
)
−
∫
d4x
(
ξ†1I(x)σyξ
∗
2K(x)
) ∫
d4y
√
g
(
ψ†1,I 0
)(
γ˜MAM,J
)(
0
σyψ
∗
2,K(y)
)
.
We find(
ψT1,Iσy 0
)(
γ˜MAMJ
)(
0
ψ2,K(y)
)
= 2i
(
ψK2,1(−iAJzψI1,2 − ψI1,1AJw) + ψK2,2(Aw¯ψI1,2 + iAJz¯ψI1,1)
)
−
(
ψ†1,Iσy 0
)(
γ˜MAM,J
)(
0
σyψ
∗
2,K(y)
)
= −2i
(
ψK,∗2,1
(
ψI,∗1,1A
J
w¯ − iψI,∗1,2AJz¯
)
+ ψ∗2,2
(
iψI,∗1,1A
J
z − ψI,∗1,2AJw
))
.
We evaluate (3.46) as
2
∫
d8x
√
g
(
ξT1I(x)σyξ2K(x)
) (
ψK2,1(A
J
zψ
I
1,2 − iψI1,1AJw) + ψK2,2(iAw¯ψI1,2 −AJz¯ψI1,1)
)
+ c.c.
(3.47)
As for (3.41), the first part of this expression should be interpreted as a Yukawa interaction
and the second part as a gauge interaction.
Let us gather together the three contributions to Yukawa interactions from (3.41),
(3.45) and (3.47). Put together, these give
2
∫
d8x
√
g
((
ξT,I1 σyξ
K
1
) [
i
(
ψI1,2ψ
K
1,1 − ψI1,1ψK1,2
)
φJu¯
]
+ (3.48)
(
ξT,I2 σyξ
K
1
) [
ψI2,1
(−AJzψK1,2 + iAJwψK1,1)]+ (ξT,I1 σyξK2 ) [ψK2,1 (AzψI1,2 − iψI1,1AJw)]
)
+ c.c
There are a total of six different interactions contributing to Yukawa couplings. Using the
above dictionary, these Yukawa couplings can be seen to all descend from AI ∧AJ ∧Φk on
cyclically permuting indices.
As both the equations of motion, kinetic terms and Yukawa couplings are precisely
the same from both dimensional reduction of super Yang-Mills and via the twisted theory,
we are free to compute with either. One advantage of the Yang-Mills formalism is that it
connects with a set of intuitions that are not as manifestly obvious in the language of the
twisted theory.
3.3 Holomorphy Constraints on the Effective Theory
Classical Yang-Mills theory has simple scaling properties and so this suggests that any
theory which can be related to Yang-Mills simply by field redefinitions should also possess
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a similar property, namely that rescalings of the metric can have only a very limited effect
on the physical properties of the theory.
Let us recall the equations of motion for the topological theory,
ω ∧ ∂Aψ + i
2
[
φ¯, χ
]
= 0,
∂¯Aχ− [φ,ψ] = 0. (3.49)
Here (φ, χ) are grouped inside the same superfield Φ as are (A,ψ). The Yukawa couplings
are given by expanding
∫
A ∧A ∧ Φ and the kinetic terms come from the terms∫
d8x
(−2ω ∧Dµψ¯ ∧ σ¯µψ) ,
∫
d8x (Dµχ ∧ σµχ¯) .
φ can attain an arbitrary holomorphic vev within the Cartan subalgebra. We suppose
〈φ〉 = f(z1, z2)t1 + g(z1, z2)t2
with the matter curves located at f = 0, g = 0 and f + g = 0.
There is one important and simple set of solutions to (3.49), given by the rescalings
φ → λφ,
χ → λχ,
ω → λ2χ,
(A,ψ) → (A,ψ). (3.50)
It is manifest that given a set of solutions to (3.49) this rescaling provides a new set of
solutions. The rescalings of (3.50) correspond to the overall metric rescaling gij → λ2gij .
To see this, note first that this rescales the Ka¨hler form as in (3.50). The scaling of φ
is most easily seen by considering the type IIB case, where φ can be interpreted as the
transverse separation of the brane stacks. Such a transverse separation grows linearly with
the overall length scale consistent with (3.50). χ belongs in the same supermultiplet as φ
and so scales in the same fashion.
A does not rescale, and so the unnormalised Yukawa couplings scale as∫
A ∧A ∧Φ −→ λ
∫
A ∧A ∧ Φ,
as every contributing term has one factor of χ. The kinetic terms scale as∫
ω ∧Dµψ¯ ∧ σµψ → λ2
∫
ω ∧Dµψ¯ ∧ σµψ,
∫
Dµχ ∧ σµχ¯→ λ2
∫
Dµχ ∧ σµχ¯,
and so all kinetic terms scale as Z → λ2Z.
The normalised (physical) Yukawa couplings therefore scale as∫
Aa ∧Ab ∧ Φc√
ZaZbZc
→ λ
∫
Aa ∧Ab ∧ Φc√
(λ2Za)(λ2Zb)(λ2Zc)
=
1
λ2
∫
Aa ∧Ab ∧ Φc√
ZaZbZc
.
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The metric rescaling increases the size of the 4-cycle on which the 7-branes supporting the
Yang-Mills theory live, and therefore rescales α−1GUT → λ4α−1GUT . Physical Yukawa couplings
therefore behave as Y physαβγ ∼ α1/2GUT , with αGUT appearing as a universal prefactor.
This conclusion could have been anticipated based on holomorphy and the structure
of 4-dimensional supergravity theories. These provide very powerful general constraints on
the structure of the effective action. The gauge coupling α−1 appears in the action as the
coefficient of the kinetic term FµνF
µν . In string theory the gauge coupling is dynamical,
and so is part of a Ka¨hler modulus1 TGUT =
4pi
g2
+ ia, whose imaginary part is an axion
carrying a perturbative shift symmetry.
As the imaginary part is axionic there is a perturbative shift symmetry T → T + iǫ,
which implies that T can make no perturbative appearance in the superpotential. Conse-
quently the superpotential Yukawa couplings cannot depend on αGUT , which only enters
the Yukawa couplings via prefactors derived from the Ka¨hler potential.
The absence of αGUT from the superpotential is a specific example of a general phe-
nomenon: as all Ka¨hler moduli have shift symmetries which are exact within perturbation
theory, the superpotential cannot depend on Ka¨hler moduli. However, from an effective
field theory viewpoint the superpotential can have arbitrary dependence on complex struc-
ture moduli and there is no reason not to expect a rank 3 Yukawa matrix.
4. Wavefunctions and Yukawas with background fluxes
In this section we explicitly solve the equations of motion to obtain the matter wavefunc-
tions in the presence of background flux. In section 4.1 we solve the D-term equations
which require a perturbed background metric and discuss the perturbative expansion used
in finding the wavefunction solutions. Subsequently in sections 4.2 and 4.3 we present
solutions to the equations of motion. In section 4.4 we use the wavefunction profiles to
calculate the resulting Yukawa couplings, finding no corrections to a rank-1 matrix.
4.1 Flux solutions to D-terms
We first set out the background flux configuration. We consider only Abelian flux and so
there are three relevant generators for a rank 2 enhancement point. We denote these Q0,
Q1 and Q2, with Q0 corresponding to the hypercharge flux. We denote the corresponding
flux and gauge fields with the index I such that
A =
∑
I
AI = A0 +A1 +A2 . (4.1)
The constraints on the flux from the equations of motion are
F (2,0) = F (0,2) = 0 . (4.2)
1We restrict to language appropriate to IIB/F-theory compactifications.
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We also have the D-term
ω ∧ F (1,1) = 0 . (4.3)
In this paper we consider the factorised case with no dz1 ∧ dz¯2¯ terms
F = F11¯dz1 ∧ dz¯1¯ + F22¯dz2 ∧ dz¯2¯ . (4.4)
Apart from simplicity, cross terms in the flux do not affect the D-term equation for a
metric ansatz (2.14) and so we do not expect new effects regarding their compatibility
with supersymmetry. We take the expansion to first order as in [27] and also define F˜
through
F11¯ = 2iM + 4i (α1z1 + α¯1z¯1¯) ≡ 2iM + iF˜11¯ , (4.5)
F22¯ = 2iN + 4i (α2z2 + α¯2z¯2¯) ≡ 2iN + iF˜22¯ . (4.6)
Here M , N , αi, F˜ all have a suppressed generator index I. Next we perform a gauge
transformation as in [27]
Aˆ = A− dΩ , (4.7)
such that Aˆ1¯ = Aˆ2¯ = 0. The corresponding potentials read
Aˆ1 = −2iMz¯1¯ − 2i
(
α¯1z¯
2
1¯ + 2α1z1z¯1¯
)
,
Aˆ2 = −2iNz¯2¯ − 2i
(
α¯2z¯
2
2¯ + 2α2z2z¯2¯
)
. (4.8)
Taking the Kahler form as
ω =
i
2
(1 + f1) dz1 ∧ dz¯1¯ +
i
2
(1 + f2) dz2 ∧ dz¯2¯ , (4.9)
the D-term is solved by
M = −N , f1 = − F˜11¯
2N
, f2 =
F˜22¯
2N
. (4.10)
This fixes the Kahler form, up to an overall constant rescaling.2 It is important to note
that the D-terms require a non-trivial metric background. Note that f1 and f2 are O(1)
in the flux, which will imply that the leading metric-induced perturbations to the wave-
functions dominates over the flux-induced perturbations. In turn this will mean that the
wavefunction solutions that we find will be different to those presented in [27].
There are three copies of the equations (4.10) due to the generator index I. This then
implies
αi,I
NI
=
αi,J
NJ
≡ ni ∀ I, J , (4.11)
where we define ni through
f1 = −2 (n1z1 + n¯1¯z¯1¯) ,
f2 = 2 (n2z2 + n¯2¯z¯2¯) . (4.12)
2Note that the Bianchi identity for the flux ensures the Kahler condition on the metric.
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We now give a vev to ϕ such that
〈ϕ〉 = z1
v
Q1 +
z2
v
Q2 . (4.13)
The equations of motion to be solved then read
(1 + f1)
(
∂2 − iq · Aˆ2
)
ψˆ2¯ + (1 + f2)
(
∂1 − iq · Aˆ1
)
ψˆ1¯ −
1
v
(z¯1q1 + z¯2q2) χˆ = 0 ,
∂¯1¯χˆ−
1
v
(z1q1 + z2q2) ψˆ1¯ = 0 ,
∂¯2¯χˆ−
1
v
(z1q1 + z2q2) ψˆ2¯ = 0 . (4.14)
Here q· denotes contraction into the vector of charges q = (q0, q1, q2).
In order to solve for the wavefunctions we perform a perturbative expansion. In [10]
the relevant expansions were identified as the derivative expansion, which is an expansion
in v1/2, and the flux expansion, which is an expansion in αiv
3/2. Which one dominated
depended on the size of the flux parameters αi and their higher order analogues. In our
case the appropriate expansions are in the metric deformations as these dominate over the
flux contributions to the wavefunctions. To see this note that the flux contributions to the
wavefunctions come in at O(αiv
3/2) [10, 27], while using the solutions (4.21) we see that
the leading contribution from the metric expansion comes in at O(niv
1/2). This is leading
in powers of v but also note that ni ≫ αi since M ≪ 1. In the coming sections we solve
the wavefunctions to second order in the ‘metric’ expansion.3
4.2 Matter wavefunctions
The matter curves correspond to the curves z1 = 0 and z2 = 0. By symmetry it is sufficient
to solve for one of the curves which in this case we take to be the z1 = 0 curve. In terms
of the charges defined in section 4.1 the curve corresponds to
(q0, q1, q2) = (q0, 1, 0) . (4.15)
Since we are only solving the equations of motion to O (zi) = O
(
v1/2
)
4 we can drop the
flux terms and so the equations of motion read
(1 + f1) ∂2ψ2¯ + (1 + f2) ∂1ψ1¯ −
z¯1
v
χ = 0 , (4.16)
∂¯1¯χ−
z1
v
ψ1¯ = 0 , (4.17)
∂¯2¯χ−
z1
v
ψ2¯ = 0 . (4.18)
The equations (4.17) and (4.18) are trivially solved exactly for ψ1¯ and ψ2¯ in terms of χ.
3We only calculate the contributions from the fluxes 4.6, i.e. we do not consider higher order terms such
as βiz
2
1 . For the first order solutions this does not matter since they are subleading, but they could possibly
compete at second order. This is highly dependent on the choice for the parameters and so for simplicity
we drop such terms.
4Note that a wavefunction solution at O (zri ), for some r, solves the equations of motion to O
(
zr−1
i
)
.
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The perturbative solutions are based on the zeroth order solution, obtained by taking
f1 = f2 = 0, which we reproduce here for convenience
χ(0) = g (z2) e
−
|z1|2
v . (4.19)
Here g is a holomorphic function of z2 which carries a suppressed generation index ga (z2) ={
1, z2, z
2
2
}
. The full set of equations are solved to O (z) by the O (z2) solution
χ = χ(0)
{
1 +
|z1|2
v
[
f2
2
+
1
2
vn¯2¯ (∂2lng)−
3f22
8
− 5
4
v|n2|2 − vn¯2¯f2 (∂2lng) (4.20)
−7
8
v2n¯22¯
(
(∂2∂2lng) + (∂2lng)
2
)]
+
|z1|4
v2
[
f22
8
+
1
4
v|n2|2 + 1
4
vn¯2¯f2 (∂2lng)
+
1
8
v2n¯22¯
(
(∂2∂2lng) + (∂2lng)
2
)]
+
n¯2
3
(∂2lng) f1|z1|2 − 2v
3
z1n1n¯2 (∂2lng)
}
.
The solution for the second matter curve z2 = 0 is obtained from (4.21) by the opera-
tions
z1 ↔ z2 , n1 ↔ −n2 ( =⇒ f1 ↔ f2) . (4.21)
4.3 Higgs wavefunctions
The Higgs curve is the curve z1 + z2 = 0 which corresponds to charges
(q0, q1, q2) = (q0,−1,−1) . (4.22)
The order counting of the derivative expansion treats z1 and z2 on an equal footing and
so applies unaltered to this solution. Again we solve the equations of motion to O (z)
obtaining a solution for χ to O (z2). The flux terms in the equations of motion only come
in at higher orders and so can be dropped.
As suggested in [27], to find the solutions it is convenient to define
w ≡ z1 + z2 , u ≡ z1 − z2 ,
ψw¯ ≡ 1
2
(ψ1¯ + ψ2¯) , ψu¯ ≡
1
2
(ψ1¯ − ψ2¯) ,
n+ ≡ 1
2
(n1 + n2) , n− ≡ 1
2
(n1 − n2) ,
f+ ≡ −1
2
(f1 + f2) = n+u+ n−w + n¯+u¯+ n¯−w¯ ,
f− ≡ 1
2
(f2 − f1) = n+w + n−u+ n¯+w¯ + n¯−u¯ . (4.23)
With this change of variables the equations of motion read
(1− f+) (∂wψw¯ + ∂uψu¯) + f− (∂wψu¯ + ∂uψw¯) + w¯
2v
χˆ = 0 , (4.24)
∂¯w¯χ+
w
v
ψw¯ = 0 , (4.25)
∂¯u¯χ+
w
v
ψu¯ = 0 . (4.26)
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The perturbative expansion is based on a zeroth order solution which solves the equations
of motion for f+ = f− = 0 and reads [27]
χ(0) = e
− |w|
2
√
2v , ψ
(0)
w¯ =
1√
2
χ(0) , ψ
(0)
u¯ = 0 . (4.27)
As we regard this as a Higgs curve, we are only concerned with a single solution so that
the holomorphic function is just taken to be a constant.
The equations of motion are solved to O (z) by the O (z2) expression
χ = χ(0)
[
1− 1
3
√
2v
(
|w|2
(
3
2
n+u+
3
2
n¯+u¯+ n−w + n¯−w¯
)
+
√
2vn−w
)
+ χ(2)
]
,
χ(2) = w
(
ϕ1 + uϕ2 + u¯ϕ3 + |u|2ϕ4 + u2ϕ5 + u¯2ϕ6
)
,
ϕ1 =
n2−
36v2
w|w|4 + |n−|
2
18v2
w¯|w|4 + n¯
2
−
36v2
w¯3|w|2 +
√
2
8v
w¯|w|2
(
5|n+|2
4
− |n−|2
)
+
(
−
√
2n2−
24v
+
√
2n2+
16v
)
w|w|2 −
√
2
8v
w¯3
(
7n¯2−
9
− n¯
2
+
2
)
+ w¯
(
− 5
16
|n+|2 − |n−|
2
4
)
−
(
n2−
12
+
n2+
8
)
w ,
ϕ2 =
1
12v2
|w|4n+n− + 1
12v2
w¯2|w|2n+n¯− −
√
2
12v
|w|2n+n− −
√
2
4v
w¯2
(
n+n¯− − 1
3
n−n¯+
)
− 2
3
n+n− ,
ϕ3 =
1
12v2
|w|4n¯+n− + 1
12v2
w¯2|w|2n¯+n¯− −
√
2
12v
|w|2 (2n¯+n− − n+n¯−)−
√
2
6v
w¯2n¯+n¯−
−1
3
(n+n¯− + n−n¯+) ,
ϕ4 =
|n+|2
8v2
w¯|w|2 − 3
√
2
8v
w¯|n+|2 ,
ϕ5 =
n2+
16v2
w¯|w|2 − 3
√
2n2+
16v
w¯ ,
ϕ6 =
n¯2+
16v2
w¯|w|2 − 3
√
2n¯2+
16v
w¯ . (4.28)
Like the matter curve solutions this solution involves z¯1 and z¯2 up to second order.
4.4 Yukawa couplings
Having calculated the perturbative wavefunctions it is possible to calculate the Yukawa cou-
plings. The computation of the physical Yukawa couplings requires both the holomorphic
Yukawa couplings and the normalisation of the kinetic terms.
The kinetic terms originate from terms in the 8d Lagrangian∫
d8x− 2ω ∧Dµψ¯ ∧ σ¯µψ,
∫
d8xDµχ ∧ σµχ¯.
The contributions of these two terms should be combined to work out the normalisation
for the actual zero mode. Evaluation of the kinetic terms is not possible in a purely
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local framework, as it requires knowledge of the global structure of the zero modes and
in particular the full (compact) matter curve along which the zero mode is supported.
However it is important to note that the corrected wavefunctions induce inter-generational
kinetic mixing since the corrections come in with powers of both z¯1¯ and z¯2¯.
5 Therefore to
extract the physical Yukawa couplings requires a diagonalisation of the kinetic terms. The
rank of the Yukawa matrix is unaltered by the kinetic terms and so we can analyse this
without reference to the kinetic terms.
The holomorphic Yukawas that appear in the superpotential are given by (2.30). In [10]
a Frogatt-Nielsen-like mechanism was proposed for generating the observed mass hier-
archies. The observation is that the integration volume form respects two symmetries
U(1)1 × U(1)2 given by
z1 → eiθ1z1 , z2 → eiθ2z2 . (4.29)
The exponential part of the matter wavefunctions respects these symmetries and the ex-
ponential part of the Higgs wavefunctions breaks the symmetry down to the diagonal U(1)
given by
(z1 + z2)→ eiθ (z1 + z2) . (4.30)
It is this U(1) that acts as a Frogatt-Nielsen-like charge since any integrals that do not
respect it will vanish. This means that the non-exponential parts of the zero mode wave-
functions should combine in a U(1) neutral way. For the top Yukawa coupling this occurs
already at tree level. However since the other generations have non-trivial holomorphic
functions g (z2, z1) factors they can only form U(1) neutral combinations through higher
order non-holomorphic corrections to the wavefunctions. The idea is that since these are
suppressed, they naturally induce a hierarchy.
If such a hierarchy is present, we should be able to find it using the explicit solutions for
the wavefunctions presented in sections 4.2 and 4.3. Note that since we have only expanded
the wavefunctions to second order in the derivative expansion we can only calculate the
leading contributions to the Yukawa couplings Y11, Y12, Y21, Y22, Y31 and Y13.
The natural variables for calculating the Yukawas are w and u as introduced in eq.
(4.23). The non vanishing integrals all take the form
Imn =
∫
d2z1d
2z2 e
− 1
v
(
|z1|2+|z2|2+
1√
2
|z1+z2|2
)
|w|2m|u|2n
=
∫
1
4
d2wd2u e−
1
v
( 12 |u|
2+ 1
2s
|w|2)|w|2m|u|2n
= π2n!m!(2v)(n+m+2)s(m+1) , (4.31)
where we define s =
√
2 − 1. Then calculating the integrals (2.30) simply amounts to
extracting the appropriate coefficient multiplying each Imn and summing the result. Such
a calculation is naturally done using Mathematica. Performing this calculation we find the
5This is in contrast to the flux corrected wavefunctions of [27].
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following result
Y11 = −4aπ2v2 , (4.32)
Yij = 0 ∀ (i, j) 6= (1, 1) . (4.33)
We therefore find that flux and metric corrected wavefunctions do not induce new Yukawa
couplings and the Yukawa matrix remains as rank one.
This is a rather striking result given the form of the perturbed wavefunctions. It
hints at a symmetry underlying the vanishing of the Yukawas. In a recent paper [30]
precisely such a symmetry principle was shown. The idea is that the gauge symmetry of
the 8D super-Yang-Mills can be used to define a kind of generalised cohomology where
wavefunctions that differ by a gauge transformation are identified under the cohomology.
A representative of each cohomology class was shown to be simply the wavefunctions eval-
uated on the localisation curve. These are just the holomorphic gi of (4.19). Finally the
Yukawa couplings were shown to depend just on the cohomology representatives and so
could be evaluated simply by using the gi. This directly gives our result (4.33). Therefore
(4.33) is a special case of a more general phenomenon for all wavefunctions that are induced
by corrections due to gauge flux.
5. Summary and discussion
In this article we have studied the inter-relationship of flavour and supersymmetry in the
context of F-theory GUTs. In the earlier part of the article we described the relationship
between the topologically twisted theory of [2] and the canonical formulation of 8d super
Yang-Mills theory, deriving the zero mode equations of motion from the latter. We also
provided a dictionary between the two formalisms. The simple scaling properties of super
Yang-Mills make it clear that metric rescalings (which include scalings of αGUT ) should not
alter the rank of the Yukawa matrix. This is also required by holomorphy consideration of
the 4d effective supergravity theory.
For metric and flux backgrounds we also solved the equations of motion up to second
order in the perturbations. We found that the induced metric deformations are the leading
corrections to the wavefunctions dominating over the flux terms. Using the explicit form
for the wavefunctions in the vicinity of the triple intersection point we computed the
unnormalised Yukawa couplings. We found that the wavefunction deformations did not
affect the rank of the Yukawa matrix, which remained rank one. The fundamental reason
for this has recently been explained in [30]. The explicit form of the wavefunctions is
however important for non-holomorphic properties of the effective theory.
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